
JOURNAL OF THEORETICAL

AND APPLIED MECHANICS

61, 4, pp. 659-672, Warsaw 2023
https://doi.org/10.15632/jtam-pl/170706

STABILITY ANALYSIS OF A SPINNING SHAFT IN THE CONCENTRIC

CYLINDER FILLED WITH AN INCOMPRESSIBLE FLUID

Zhongkai Jiang, Guangding Wang

School of Engineering, Anhui Agricultural University, Hefei, China; and

Anhui Province Engineering Laboratory of Intelligent Agricultural Machinery and Equipment, Hefei, China

e-mail: ahau evib@163.com; wgd vib@yeah.net

Huiqun Yuan

Institute of Applied Mechanics, College of Science, Northeastern University, Shenyang, China

e-mail: hq yuan@yeah.net

This paper deals with the stability of a spinning shaft in a concentric cylinder filled with
an incompressible fluid. The steady-state momentum and continuity equations for the ex-
ternal fluid are established. Using Taylor expansion, the fluid forces exerted on the shaft
are calculated. The shaft is in the Rayleigh model taking into account the rotary inertia
and gyroscopic effects. Accordingly, the governing equation of the considered system is for-
mulated analytically. The explicit characteristic frequency equation for the pinned-pinned
spinning shaft system is then derived. Finally, the stability of the system is studied by means
of characteristic value analysis.
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1. Introduction

Spinning shafts have held wide applications in energy, aviation and automotive engineering. One
class of spinning shafts works in an annular fluid medium, such as the spinning shaft of axial
flow pumps. In the large pump unit, its hydraulic components are subject to various hydraulic
unbalanced forces and other various excitation sources during the operation of the unit. As a
result, vibration and instability of the structure occur, which will directly affect the reliable
operation of the unit. In this study, a spinning shaft in a concentric cylinder filled with an
incompressible fluid is considered. The focus is on the instability characteristics of the spinning
shaft with external fluids.

The vibration and stability of spinning shafts are key concerns in engineering, which have at-
tracted attention of many researchers. There are two analytical methods for such problems, one
is the analytical study and the other is numerical calculation (Chen and Ku, 1990; Gross et al.,
1993). Sheu and Yang (2005) conducted an analytical study of vibration for a rotating Rayleigh
beam with typical boundary conditions as well as an analysis of the unbalanced response. Using
the Hamilton principle and multiple scales method, natural vibration of a nonlinear slender spin-
ning shaft was investigated by Shahgholi et al. (2014). Zhang et al. (2020a) studied the frequency
and mode of a flexible rotor system using Hamilton’s principle and Euler’s angle, and discussed
the effect of centrifugal forces on the stability of the system. In recent years, researchers have been
concerned with vibration of shafts under simultaneous effects of axial movement and rotational
motion (Zhu and Chung, 2019; Ebrahimi-Mamaghani et al., 2021; Yang et al., 2021; Li et al.,
2018; Katz, 2001). For example, applying the Hamilton principle, Zhu and Chung (2019) derived
the governing equation of motion for a simply supported Rayleigh beam with spinning and axial
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motions. Using the Galerkin method, vibration and stability of the beam were studied. Ebrahimi-
-Mamaghani et al. (2021) considered the effects of spinning and axial motions and investigated
stability of an axially functionally graded beam via the Laplace transform and Galerkin dis-
cretization. In summary, there is a great deal of literature reporting on the dynamics and stability
of spinning shafts, and the study in this area has been relatively extensive (Aouadi and Lakrad,
2018; Arvin, 2019; Saeed, 2019; Manchi and Sujatha, 2021; Li, 2022; Li et al., 2021; Zhu et al.,
2018).

Furthermore, there are many studies concerning fluid-structure coupled vibration of spin-
ning shafts, such as liquid-filled rotors and spinning pipes conveying fluids. For the liquid-filled
rotor, the flexural vibration governing equation of the rotor is established by the analytical
calculation method, and the characteristic frequency equation of the system is derived by com-
bining the corresponding support boundary conditions. Then, the stability of the rotor system
is analyzed by the positive and negative signs of the characteristic roots (Tao and Zhang, 2002;
Firouz-Abadi and Haddadpour, 2010; Kern and Jehle, 2016; Sahebnasagh et al., 2018; Wang
and Yuan, 2018; Wang and Yuan, 2019b; Wang and Chen, 2020; Wang et al., 2021; Zhang et
al., 2020b; Wang and Yuan, 2021; Päıdoussis and Issid, 1974). Commonly, the two-dimensional
linearized Navier-Stokes equation is employed to calculate the fluid forces on the rotor (Tao and
Zhang, 2002; Firouz-Abadi and Haddadpour, 2010; Wang and Chen, 2020). Wang and Yuan
(2018) established three-dimensional equations of fluid motion in the rotor cavity and stud-
ied stability of the rotor system. In addition to the above-mentioned stability discrimination
methods, Wang and Chen (2020; 2021) also applied the Andronov-Hopf bifurcation and wave
resonance theory to investigate stability of the fluid-filled rotor system. On the other hand,
many advanced papers have reported vibration and stability of spinning pipes conveying fluid
in literature on the study (Abdollahi et al., 2021; Dwivedi et al., 2022; Michaelides and Feng,
2023; Wang and Yuan, 2019a; Oyelade and Oyediran, 2020). Basically, the spinning pipe is seen
as a beam structure. The structural equations of motion are established based on the Euler-
-Bernoulli beam or Rayleigh beam theory (Päıdoussis and Issid, 1974; Kheiri et al., 2014). In
terms of solution methods, numerical calculation methods are more frequently used, such as the
transfer matrix method (Li et al., 2014), Galerkin method (Bahaadini et al., 2018; Liang et al.,
2018; Liang et al., 2020), and the differential quadrature method (DQM) (Zhou et al., 2018).
There are also some studies reporting vibration of spinning pipes conveying fluid under exter-
nal loads including additional mass (ElNajjar and Daneshmand, 2020), thermal effects (Qian et
al., 2009; Bahaadini and Saidi, 2018), etc. It can be found that the studies on the vibration of
spinning pipes conveying fluid are basically consistent in terms of research methods. In general,
theoretical studies on fluid-structure coupled vibration of spinning cylinders/pipes are common.
However, there are few reports on vibration and stability of spinning shafts in an annular fluid
medium.

In summary, most of the studies have investigated vibration of spinning shafts subjected
to external loads. Also, some studies have reported instability of pipes conveying fluid. On
the other hand, there was very little literature studying the vibration of shafts with external
fluids. The present paper is aimed to investigate the instability of a spinning slender shaft in
a concentric cylinder filled with an incompressible fluid. Accordingly, the rotary inertia and
gyroscopic effects are considered in the modeling of the considered system. The steady-state
governing equations of fluid motion are established, and the external fluid forces are obtained by
means of Taylor expansion. Then the coupled-field governing equations of the shaft and external
fluid are derived on the basis of the spinning Rayleigh beam theory. After that, the characteristic
frequency equation of the system is determined and then used for stability analysis. Finally, the
effects of the slenderness ratio and density ratio on the natural frequency, instability and critical
spinning speed are studied numerically.
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2. Fluid dynamics

2.1. Formulation for the external fluid

Consider a spinning shaft in a concentric cylinder filled with an incompressible fluid as shown
in Fig. 1. It has rotational speed Ω, length of shaft L, radius of cylinder a, fluid density ρf , and
b refers to the radius of the shaft. It is assumed that the shaft spins at a steady state. Since
perturbations due to flexural deformation of the shaft occur, vibrational instability of the shaft
will be generated as a result of the perturbed pressure P formed by the external fluid. In order
to reveal the instability characteristics of the spinning shaft, this subsection will be devoted to
the formulation of the external fluid force.

Fig. 1. Schematic of a spinning shaft in the concentric cylinder filled with an incompressible fluid

In the steady state, the two-dimensional Navier-Stokes equations and continuity equation of
the external fluid in the rotating frame ηξ can be written as
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According to the proposed model, it is noticed that in this flow, the circumferential velocity
is valued, but the derivative of all parameters along the circumference is equal to zero, i.e.
∂/∂θ = 0. Moreover, under the boundary conditions given in Eqs. (2.4), the continuity equation
shown in Eq. (2.2) is solved to obtain the radial velocity component vr = 0. By substituting
these conditions into Eqs. (2.1), we get
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By solving Eq. (2.5)2, the solution of the circumferential velocity component vθ can be obtained
as

vθ = Ar +
B

r
(2.6)
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κ =
a

b
(2.8)

Since vθ is determined, the total pressure P can be calculated in terms of Eq. (2.5)1 as
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Due to the influence of flexural deformation of the spinning shaft, the fluid particles on the
surface of the shaft will undergo in a corresponding radial displacement. Assuming that the
radial displacement is ζ, substituting into Eq. (2.9) yields
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As seen, Eq. (2.11) is a nonlinear expression. As a result, the Taylor expansion is employed to
linearize this equation. The linearization expression for the pressure P can be expressed as

P = ρfΩ
2
[1

2
b2 + χb2 −

a4χ2

2b2
+
1

2
b2χ2 − 2a2χ ln b− 2a2χ2 ln b

]

+ ρfΩ
2bζ
[

(1 + χ)2 +
a4χ2

b4
−
2a2χ

b2
−
2a2χ2

b2

]

+ C

(2.12)

It can be found that the part of Eq. (2.12) containing ζ is a perturbed term caused by defor-
mation of the spinning shaft, which is the main source of the instability. In this study, only the
perturbation pressure needs to be concerned. Therefore, Eq. (2.12) can be simplified as

P = ρfΩ
2b[(1 + χ)− κ2χ]2ζ (2.13)
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By substituting Eq. (2.10) into Eq. (2.13), the perturbed pressure acting on the surface of the
spinning shaft can be determined as

P = 4ρfΩ
2bζ (2.14)

in which the radial displacement ζ can be described by the flexural deformation of the shaft as

ζ = uη cos θ + uξ sin θ (2.15)

where uη and uξ are displacement components of the spinning shaft in the η and ξ directions,
respectively.
Finally, the fluid forces exerted on the shaft can be calculated as
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After substituting Eqs. (2.14) and (2.15) into Eqs. (2.16), the analytical expressions for the fluid
forces can be obtained as

Fη = 4ρfπb
2Ω2uη Fξ = 4ρfπb

2Ω2uξ (2.17)

3. Structural dynamics

In this study, the rotary inertia and gyroscopic effects of the spinning shaft are both considered.
Therefore, the Rayleigh model is adopted to formulate the governing equation of motion of the
spinning shaft in the concentric cylinder filled with an incompressible fluid.
If adopting the Rayleigh beam theory, the basic governing differential equation for flexural

vibration of the considered spinning shaft system reads
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where E, I, A and ρ are Young’s modulus, mass moment of inertia, cross-sectional area and
density of the shaft, respectively. Also, the fluid force F can be obtained by using Eqs. (2.17) as

F = 4ρfπb
2Ω2u (3.2)

where flexural deformation u is defined as

u = uη + iuξ (3.3)

After inserting Eq. (3.2) into Eq. (3.1), the governing equation can be rewritten as

EIu′′′′ + ρAü− ρIü′′ + i2ρIΩu̇′′ = 4mfΩ
2u (3.4)

where mf is defined as mf = ρfπb
2.

Since only harmonic vibrations are considered, u(Z, t) may take the form as

u(Z, t) = U(Z)eiωt (3.5)

where ω is the circular frequency of vibration of the spinning shaft.
After using the above expression for u in Eq. (3.5) into Eq. (3.4), one gets

EIU ′′′′ + (ρIω2 − 2ρIΩω)U ′′ − (ρAω2 + 4mfΩ
2)U = 0 (3.6)



664 Z. Jiang et al.

To simplify the analysis, the following dimensionless quantities are introduced
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Then, the dimensionless form of Eq. (3.6) can be written as
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where density ratio µ is given as
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It is well known that the general form of the solution to Eq. (3.8) can be expressed as

W (ς) = C1 sin(ας) + C2 cos(ας) + C3 sinh(βς) + C4 cosh(βς) (3.10)

Considering that the two ends of the spinning shaft are hinged in this study, the corresponding
dimensionless boundary conditions at ς = 0 and 1 are
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Using Eq. (3.11), the characteristic frequency equation of the spinning shaft can be obtained as

sinα = sin(nπ) (3.12)

where α can be determined by using Eqs. (3.8) and (3.10).
After expanding Eq. (3.12), the explicit expression of the dimensionless characteristic fre-

quency equation is expressed as
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It can be seen that the characteristic equation is an algebraic equation with respect to the
dimensionless whirl frequency g. Solving this equation, the real and imaginary parts of the
eigenvalues can be determined, i.e. g = λ+ iσ, where the real part represents the dimensionless
natural frequency of the system and the imaginary part represents the dimensionless damping.
Also, the stability of the system can be determined by the variation of the real and imaginary
parts versus the dimensionless spinning frequency (Abdollahi et al., 2021). In the present study,
it is supposed that both ends of the shaft are pinned-pinned boundary conditions. Therefore,
the other boundary conditions are not included in the mathematical formulation. However, the
method described in this article is also applicable to examine stability of spinning shafts in the
concentric fluid-filled cylinder with other boundary conditions.
Furthermore, by inserting g = s into Eq. (3.13), the dimensionless critical spinning speed

can be calculated as
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As seen, if supposing γ = 0, then the critical spinning speed can be reduced to
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which is identical to that for pinned-pinned spinning Rayleigh beams (Sheu and Yang, 2005).
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4. Numerical results

In this Section, a numerical study is conducted to investigate the instability of the spinning
shaft in the concentric cylinder filled with an incompressible fluid. In particular, the factors that
affect the stability of the system are discussed in depth.
In order to validate the proposed model, the first four critical spinning speeds versus slender-

ness ratio for the spinning Rayleigh beams without the external fluid are obtained and compared
with those reported by Sheu and Yang (2005), as shown in Fig. 2. It can be seen that the present
results are in good agreement with those obtained in the literature. Furthermore, to clarify the
effect of the external fluid, the critical spinning speeds of the spinning shaft with the external
fluid are illustrated and compared with the spinning shaft without considering external fluid
effects, as seen in Fig. 3. It can be observed that after considering the external fluid, the critical
spinning speed for each order has become noticeably smaller.

Fig. 2. Comparison of the first four critical spinning speeds versus slenderness ratio of the spinning shaft
with Sheu and Yang (2005) at µ = 0

Fig. 3. The effects of external fluid on the critical spinning speed of the spinning shaft

Figure 4 shows the whirl speed map of the spinning shaft in the concentric cylinder filled
with the incompressible fluid for µ = 0.13, γ = 5 and different values of the mode number. Also,
in order to clarify the influence of the external fluid on the spinning shaft, the whirl speed map
of the spinning Rayleigh beam is plotted in the figure. It can be seen that the critical spinning
speed of the system decreases significantly at each order due to the influence of the external
fluid. In addition, the dimensionless whirl frequency of the system no longer increases with the
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dimensionless spinning frequency, but the two characteristic frequencies are converged at a point,
forming a closed arc-shaped region. It indicates that the characteristic equation has no real roots
when the spinning speed is higher than the speed at the convergence point. This result shows
that the external fluid has a strong influence on the whirl characteristics and stability of the
spinning shaft.

Fig. 4. Comparison of whirl speed maps of the spinning Rayleigh beam and the considered spinning
shaft system

Fig. 5. Dimensionless natural frequency and damping of the spinning shaft versus the dimensionless
spinning frequency with µ = 0.13 and γ = 10 for different mode numbers: (a) dimensionless natural

frequency, (b) dimensionless damping

Figures 5a and 5b, respectively, demonstrate the dimensionless natural frequency and damp-
ing of the system in terms of the dimensionless spinning frequency at µ = 0.13 and γ = 10 for
different mode numbers. It can be seen that as the spinning frequency increases, the natural
frequency of the system for both modes decreases. The damping of the system bifurcates at a
specific speed, which indicates that there is an inflow and outflow of energy and the system
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becomes unstable. The speed corresponding to the bifurcation point is called the “instability
critical spinning speed scr”. Moreover, a comparative study is carried out to illustrate the effect
of the external fluid on the stability of the considered system, as shown in Fig. 6. It can be found
that the spinning Rayleigh beam is always stable as the rotational speed increases. However,
when considering the external fluid, the system will lose its stability at a certain speed. This
makes it clearer that external fluids are the main source of instability.

Fig. 6. Comparison of the dimensionless natural frequencies of the spinning shaft in the concentric
cylinder filled with the incompressible fluid and spinning Rayleigh beams

Fig. 7. Dimensionless natural frequency and damping for the spinning shaft versus the dimensionless
spinning frequency with n = 1 and µ = 0.13 for various values of the slenderness ratio: (a) dimensionless

natural frequency, (b) dimensionless damping

Variations of the dimensionless natural frequency and damping of the system versus the
dimensionless spinning speed at n = 1 and µ = 0.13 for various values of the slenderness ratio
are depicted in Fig. 7. It can be seen that for the first-order mode, the variation of the natural
frequency of the system is not obvious with the increase of the slenderness ratio. Especially,
when the value of the slenderness ratio is large (γ  10), the natural frequency is generally
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Fig. 8. Dimensionless natural frequency and damping of the spinning shaft versus the dimensionless
spinning frequency with n = 2 and µ = 0.13 for various values of the slenderness ratio: (a) dimensionless

natural frequency, (b) dimensionless damping

consistent. It also can be seen in Fig. 7b that by increasing the slenderness ratio, the instability
points are almost coincident. This means that the effect of slenderness ratio on the system
instability can be negligible. However, it is interesting to note that for higher-order modes, the
effect of the slenderness on the natural frequency and stability of the system is more pronounced.
Figure 8 shows the dimensionless natural frequency and damping of the spinning shaft versus
the dimensionless spinning frequency with n = 2 and µ = 0.13 at different slenderness ratios.
It can be found that as the slenderness ratio increases, the natural frequency of the system
first increases and then decreases. At the same time, the instability critical spinning speed scr
decreases. However, for large slenderness ratios (γ  10), the variation of critical spinning speed
is still not noticeable. This indicates that the smaller slenderness ratio leads to a greater effect
on the stability of the system. Furthermore, the effects of the slenderness ratio on the unstable
region of the considered spinning shaft system are reported in Fig. 9. Results show that the

Fig. 9. Effects of the slenderness ratio γ on the instability of the spinning shaft system for different
mode numbers: (a) n = 1, (b) n = 2

critical spinning speed experiences a smooth decrease and then converges to a constant value
with an increase of the slenderness ratio. Also, the instability boundary is formed, and the whole
speed domain is divided into two parts, D1 and D2, where D1 is the stable region and D2 is
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the unstable region. As shown in the subfigure of Fig. 9, the instability boundary only changes
when the slenderness ratio is small enough for both the first and second modes. Therefore, it
can be concluded that at higher slenderness ratios, say γ > 10, the effect of rotary inertia on
the system stability can be negligible.
The dimensionless natural frequency and damping of the considered spinning shaft system

versus the dimensionless spinning frequency for a variety of density ratios at n = 1 and γ = 10
are plotted in Fig. 10. Figure 10a demonstrates that a higher value of density ratio leads to a
lower value of natural frequency. Also, it can be observed in Fig. 10b that as the density ratio
increases, the instability critical spinning speeds are reduced. This means that for larger density
ratios, the system is more prone to lose its stability. Figure 11 shows the effect of density ratio on
the instability of the system. As can be seen, the instability boundary decreases with respect to
the density ratio. The instability critical spinning speed gradually moves towards the low-speed
region. The results indicate that the density of the external fluid plays a dominant role in the
stability of the shaft system.

Fig. 10. Dimensionless natural frequency and damping of the spinning shaft versus the dimensionless
spinning frequency with n = 1 and γ = 10 for various values of the density ratio: (a) dimensionless

natural frequency, (b) dimensionless damping

Fig. 11. Effects of the density ratio µ on the instability of the spinning shaft system

Moreover, the variations of critical spinning speeds for the considered spinning shaft versus
the density ratio and slenderness ratio are presented in Fig. 12. In this figure, by increasing the
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density ratio, the critical spinning speeds of the shaft decrease in each order. Also, by increasing
the slenderness ratio, the critical spinning speeds change smoothly. In particular, the critical
spinning speed approaches almost a constant value when the aspect ratio is sufficiently large.

Fig. 12. Effects of main parameters on the critical spinning speed Sc
n
: (a) density ratio µ,

(b) slenderness ratio γ

5. Conclusions

In this study, stability of a spinning shaft in a concentric cylinder filled with an incompressible
fluid has been theoretically addressed. The two-dimensional Navier-Stokes equations and conti-
nuity equation for the external fluid in the steady state were established, and the external fluid
forces exerted on the shaft were calculated by using Taylor expansion. The governing equation of
motion of the spinning shaft was formulated on the basis of Rayleigh beam theory. For pinned-
-pinned end supports, the explicit characteristic frequency equation has been derived analyti-
cally. The effects of slenderness ratio and density ratio on the natural frequencies and instability
of the spinning shaft were investigated. The results showed that the critical spinning speed of
each order for the system becomes smaller and the shape of the whirl speed map changed sig-
nificantly due to the influence of the external fluid. Also, it was found that the shaft became
unstable at a certain speed. This result indicated that the external fluid was the main source
of the rotational shaft instability. Based on the present work, it could be concluded that the
instability of the system is not very sensitive for a large slenderness ratio. However, the density
ratio plays a determinant role in the natural frequency and stability of the system. It was shown
that by increasing the density ratio, the natural frequency of the system was reduced and the
stability became weaker. In addition, the results revealed that the external fluid had a significant
effect on the critical spinning speed of the shaft. It was seen that as the density ratio increased,
the critical speed value of the system decreased gradually.
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